Even though he was nearly 90 years old, I was still surprised and sad to hear that Branko Grünbaum had passed away. I took courses from Branko as a graduate student at the University of Washington. I still have my 3-ring binders with the typed notes he passed out in his courses on "Polyhedral Geometry" and "Configurations of Points and Lines". These notes are full of meticulous illustrations, as was his style. I also read with him for several weeks of independent study, studying "Venn Diagrams", and I especially enjoyed one-on-one mathematical conversations with him.
2 In dimension 2
Symmetric Venn diagrams
Let F = {C 1 ,C 2 , . . . ,C n } be a family of n simple closed curves in the plane. We say that F is a Venn diagram if each of the 2 n subsets X 1 ∩ X 2 ∩ · · · ∩ X n is nonempty and connected. Here X i denotes either the interior or exterior of the curve C i . See Ruskey [20] for a 1997 survey.
Venn himself proved that Venn diagrams exist for every n. A Venn diagram is said to be symmetric if it is invariant under a rotation of 2π/n. Branko wondered about the existence of symmetric Venn diagrams. A theorem of Henderson [14, 25] is that n must be prime. A natural question is whether this necessary condition is also sufficient.
This was an open question for a few decades, until it was finally resolved by Griggs, Killian, and Savage in [10] . Their construction involves some beautiful combinatorics around "chain decompositions" of the Boolean lattice.
There is still more to do in this area, however. A Venn diagram is said to be simple if no more than two curves intersect at any point. 
Grünbaum's edge-coloring conjecture
The Four Color Theorem for planar graphs is equivalent to the statement that the dual graph of every triangulated 2-sphere is 3-edge colorable. This is essentially Tait's 1880 observation that the Four Color Theorem is equivalent to showing that every cubic bridgeless planar graph is 3-edge colorable [23] .
In 1968, Grünbaum conjectured a beautiful generalization.
Conjecture 2.2. If G is a simple loopless triangulation of an orientable surface S, then the dual graph of G is 3-edge-colorable.
I learned as I was preparing this article that Grünbaum's edge-coloring conjecture unfortunately does not hold in general. Kochol gave counterexamples: for every g ≥ 5 there is a triangulation of the genus g surface whose dual graph is not 3-edge colorable [16] .
Still, this leaves the question open for genus g with 1 ≤ g ≤ 4. In particular, the following seems to be open.
Conjecture 2.3. If G is a simple loopless triangulation of a torus, then the dual graph of G is 3-edge-colorable.
Branko spoke reverently about Steinitz's Theorem, and I think he felt that it deserved to be better known and appreciated by modern mathematicians.
Steinitz's Theorem. A simple graph G (i.e. with no loops or multiple edges) is the 1-skeleton of a 3-polytope if and only if G is planar and 3-connected.
The 1-skeleton of a triangulated 2-dimensional sphere is an edge-maximal planar graph, and hence is 3-connected. So Steinitz's theorem implies that a triangulated 2-sphere can be embedded in R 3 as the boundary of a convex polytope. In particular, every triangulated 2-sphere is polyhedral in R 3 .
A 2-dimensional simplicial complex is said to be polyhedral if it admits an embedding in R 3 with every vertex corresponding to a point, every edge corresponding to a straight line segment, and every triangle corresponding to a flat triangle contained in an affine plane. (It must also actually be a topological embedding, i.e. a continuous, injective, map on the geometric realization of the complex.) There are some reasons to think that the answer is no. Brehm gave an example of a triangulated Mobius strip which is not polyhedral [5] . More recently, Leopold gave examples of triangulations of the non-orientable surface of genus 5 which he proved do not even admit polyhedral immersions in R 3 [17] .
In dimension 4
The Ham Sandwich Theorem says that any d objects in R d can be simultaneously bisected by a single hyperplane 1 .
A related dissection theorem in the plane says that any object in R 2 can be partitioned into 4 parts of equal area with two lines-this theorem is a nice exercise, and we invite the reader to work it out for themselves.
It is also true that any object in R 3 can be partitioned into 8 equal parts with 3 planes. This theorem is considerably trickier than the corresponding 2dimensional exercise. A proof can be found in Chapter 4 of Edelsbrunner's book [8] .
Branko asked if any object in R d can be partitioned into 2 d equal parts with d hyperplanes [11] .
It is tempting to believe it, but unfortunately the answer is no for d ≥ 5. The following counterexample for d = 5 is due to Avis [2] , and similar counterexamples work in higher dimensions.
Consider 32 distinct points along the moment curve in R 5 , which is parameterized by t → (t,t 2 ,t 3 ,t 4 ,t 5 ) for t ∈ R.
Points on the moment curve are in general position. So any hyperplane can only intersect the moment curve in at most 5 points. Then five hyperplanes can only intersect in a total of at most 25 points. So five hyperplanes can only divide these 32 points into at most 26 subsets and can not separate them all! Since the mass-partition conjecture is true for d ≤ 3 and false for d ≥ 5, this leaves only the case d = 4. According to Florian Frick, there is reason to think that the answer is positive. Let ∆( j, k) denote the minimum dimension d such that every set of j objects in R d can be simultaneously partitioned into 2 k equal pieces by k hyperplanes. 
The Ham Sandwich Theorem is the case k = 1 and Grünbaum's mass partition conjecture is the case j = 1. Ramos's conjecture would imply that ∆(1, 4) = 4, which would imply that the answer to Question 4.1 is yes. See Blagojević et. al [4] for some recent progress. As one special case in the paper, the authors prove that ∆(1, 4) ≤ 5. That is, any sufficiently nice object in R 5 can be partitioned into 16 equal measure pieces by 4 hyperplanes.
In 4 dimensions and higher
A well-known inequality for simple planar graphs with v vertices and e edges is that e ≤ 3v.
This follows easily from the Euler formula. Branko asked in 1970 [13] if there are natural generalizations of this inequality for d-dimensional simplicial complexes embeddable in R 2d . Let f i (S) denote the number of i-dimensional faces of a simplicial complex S. Since context will be clear, we will simply write f i . Various formulations of this question have apparently been discussed for some time [7] , and it seems to be folklore. Work of Kalai and Sarkaria [15, 22] suggests a precise formulation, which would in particular give the best possible constant C d in every dimension. Intriguingly, Grünbaum wrote that this question is "still" open in his 1970 article, but so far I have not been able to find any earlier reference in the literature.
The question seems to be open, even for 2-complexes embeddable in R 4 . A weaker and perhaps easier statement in the d = 2 case would be that f 2 ≤ C f 2 0 for some constant C > 0, but even this does not seem to be known. The best result to date might be that f 2 ≤ C f 8/3 0 , which follows from some extremal hypergraph results of Erdős [9] . See the discussion by Wagner in [24] .
At the time of this writing, Karim Adiprasito has recently posted a preprint claiming to resolve Question 5.1 in the affirmative, at least for tame embeddings [1] . He claims to have proved, in particular, that f d ≤ C d f d−1 for every ddimensional simplicial complex tamely embeddable 2 in R 2d .
